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We study the superconducting properties of population-imbalanced ultracold Fermi mixtures in
one-dimensional (1D) optical lattices that can be effectively described by the spin-imbalanced at-
tractive Hubbard model (AHM) in the presence of a Zeeman magnetic field. We use the mean-field
theory approach to obtain the ground state phase diagrams including some unconventional super-
conducting phases such as the Fulde–Ferrell–Larkin–Ovchinnikov (FFLO) phase, and the η phase
(an extremal case of the FFLO phase), both for the case of a fixed chemical potential and for a fixed
number of particles. It allows to determine optimal regimes for the FFLO phase as well as η-pairing
stability. We also investigate the evolution from the weak coupling (BCS-like limit) to the strong
coupling limit of tightly bound local pairs (BEC) with increasing attraction, at T = 0. Finally,
the obtained results show that despite of the occurrence of the Lifshitz transition induced by an
external magnetic field, the superconducting state can still exist in the system, at higher magnetic
field values.
I. INTRODUCTION
The immense development of experimental techniques
in cold atomic Fermi gases in the last years has opened
new avenues for research of strongly correlated systems
in condensed matter physics and beyond. The ability
to control the interactions via Feshbach resonances [1]
sets new perspectives for experimental realization and
study of many different unconventional systems, such
as spin-polarized superfluidity (with population imbal-
ance), superconductivity with nontrivial Cooper pairing,
Bose-Fermi mixtures or mixtures of fermions with un-
equal masses [2–5].
There are indications that the properties of unconven-
tional superconductors place them between two regimes:
BCS and BEC [6–10]. The evolution from the weak at-
traction (BCS-like) to the strong attraction (BEC-like)
limit takes place when the interaction is increased or the
particle concentration is decreased at moderate fixed at-
traction. According to the Leggett criterion [11], the
Bose regime begins when the chemical potential µ drops
below the lower band edge. The possibility to control
population imbalance has motivated attempts to under-
stand the BCS-BEC crossover phase diagrams in the
presence of spin polarization [9, 12].
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Currently, the unconventional superconductivity with
a non-trivial Cooper pairing lays down one of the most
important directions of studies in the theory of condensed
matter [13] and ultracold quantum gases [14, 15]. In
the presence of a Zeeman magnetic field, the densities of
states are different for the particles with spin down and
spin up. In the case of ultracold Fermi gases, param-
agnetic effects are introduced artificially by population
imbalance producing a mismatch between the Fermi sur-
faces. At strong imbalance, in the weak coupling regime,
superfluidity is destroyed and undergoes a first-order
phase transition to the polarized normal state at a uni-
versal critical magnetic field hP = ∆0/
√
2 ≈ 0.707∆0.
The latter is called the Chandrasekhar-Clogston (CC)
limit or Pauli limit [16, 17], where ∆0 is the gap at zero
temperature in the absence of external field. Rather re-
cently, a behaviour in accordance with the CC limit has
been observed in population imbalanced atomic Fermi
gases [18, 19].
In the weak coupling limit, at a large difference in the
occupation number (or at a strong magnetic field), states
with nontrivial Cooper pairing can exist. An example of
such pairing is the formation of Cooper pairs across the
spin-split Fermi surface with non-zero total momentum
(k ↑, −k +Q ↓), leading to the so-called Fulde–Ferrell–
Larkin–Ovchinnikov [20, 21] (FFLO) state. Solid-state
experiments typically involve highly anisotropic materi-
als – made up either of weakly coupled two-dimensional
(2D) planes or 1D wires [13]. The potential candidates
for finding the FFLO phase are heavy fermions [13, 22–
225], organic [26–28] or iron-based superconductors [29–
31]. These systems are characterized by a discontinuous
phase transition from the superconducting to the nor-
mal state in the regime of low temperatures. However,
it is still unclear in which range of parameters the FFLO
phase is stable. Moreover, the observation of this type
of superconductivity is very difficult because of the very
strong destructive influence of the orbital (diamagnetic)
effect.
For instance, some calculations indicate that if a FFLO
phase exists in 3D trapped gases, it will occupy a very
small volume in parameter space [32–34]. Another kind
of pairing and phase coherence that can appear is the spa-
tially homogeneous spin-polarized superfluidity (called
breached pair state or Sarma phase [35]), which has a
gapless spectrum for the majority spin species.
Quite recently, the Rice University experimental
group [32] predicted the FFLO phase apperance in ul-
tracold lattice gases. The experimental setup allows to
investigate imbalanced quantum Fermi gases (N↓ 6= N↑)
by trapping the two lowest hyperfine levels of the 6Li
ground state in quasi-1D geometries [36]. Similar ex-
periments have been performed for the mass-imbalanced
mixtures of 6Li and 40K atoms [37–40].
Also theoretical analyses suggest a possibility of a real-
ization of the FFLO phase in optical lattices [19, 41, 42].
The existence of non-zero total momentum Cooper-pairs
leads to a spontaneous symmetry breaking of the order
parameter in real space [13]. It is manifested by sign
change of the superconducting order parameter as well
as the occurrence of nodal lines in real space. The spa-
tial profile and the number of the nodal lines depend on
the magnetic field [43]. The same behaviour of the order
parameter can be observed in ultracold fermionic gases
in parabolic or toroidal traps. In the former case there
can occur oscillations of the order parameter in the radial
direction [42, 44, 45], whereas in the latter case the break-
ing of the rotational symmetry can result in oscillations
of the order parameter depending on the angle [46, 47].
For one-dimensional two-component Fermi atomic
gases in a magnetic trap the exact thermodynamic Bethe
ansatz [48] solution shows that (in some range of mag-
netic field and in the strong coupling limit) a mixed phase
with the two-shell structure with a partially polarized su-
perfluid core surrounded (analogous to the FFLO phase)
by either a fully paired or fully polarized phases occurs
in the ground state [49, 50]. Similar situation has been
found in a case of the one-component trapped gas [51].
Moreover, the FFLO phase occurs at all non-zero par-
tially polarization for any attractive interaction, whereas
all of the phase transitions are continuous [49–51]. The-
oretical investigations predict that the FFLO state can
be also realized in a case of the mass-imbalance fermionic
system [52–55]. There has been work on exact numeri-
cal studies (Quantum Monte Carlo (QMC) simulations
and Density Matrix Renormalization Group (DMRG))
of the 1D attractive Hubbard model with population-
imbalanced fermions [55–64], suggesting that the FFLO
state is stable in 1D. Indeed, the instability of the nor-
mal state with respect to FFLO is due to a Fermi surface
“nesting” which is enhanced in 1D [65].
Motivated by the experimental feasibility of such sys-
tems with ultracold gases loaded on a quasi-1D lattice,
we study the unconventional superfluid phases of the at-
tractive Hubbard model (AHM) (U < 0), in the presence
of an external magnetic field. We show that with increas-
ing magnetic field, the system can evolve from the BCS-
type superconducting state to the FFLO phase (where
the Cooper pairs have non-zero total momentum Q). In
an extremal case, this momentum Q can lie on the vertex
of the first Brillouin zone (FBZ) [66–68] and the so-called
η phase emerges. It should be stressed that the Hubbard
model on a bipartite (alternate) lattice has been rigor-
ously proved to have η states as eigenstates [69]. More-
over, η-pairing has been found as a mechanism of super-
conductivity in a large class of models of strongly corre-
lated electron systems (extended Hubbard models) [70].
We obtain the magnetic field vs. chemical potential
as well as vs. filling (i.e h − µ and h − n, respectively)
phase diagrams for several values of the on-site pairing
interactions. Therefore, the results of our analysis can
be compared to experimental results where the filling or
particle concentrations can be fully controled and mea-
sured. We find a topological quantum phase transition,
of the Lifshitz type, in the ground state phase diagrams.
A consequence of this transition is a change of the Fermi
surface (FS) topology due to the variation of the Fermi
energy and/or the band structure.
The paper is organized as follows. In Section II, we in-
troduce the main theoretical model for the system under
study, the attractive Hubbard model in a Zeeman mag-
netic field and we shortly discuss the mean-field method.
Section III presents numerical results and their discus-
sion: the h − µ as well as h − n phase diagrams in the
weak-coupling limit (III A), the BCS-BEC crossover anal-
ysis and magnetic Lifshitz transition (III B). We conclude
in Sec. IV with a brief summary of the obtained results
and an outlook.
II. MODEL AND METHOD
We study an s-wave superconductor on a one-
dimensional lattice, described by AHM (U < 0) in a
magnetic field which in real space takes the form:
Hˆ =
∑
〈i,j〉σ
(−t− (µ+ σh)δij) cˆ†iσ cˆjσ + U
∑
i
nˆi↑nˆi↓,(1)
where t is the nearest-neighbor hopping, σ =↑, ↓ the spin
index, U the on-site attraction, µ is the chemical poten-
tial; h is a Zeeman field, which originates from an exter-
nal magnetic field (in gµB/2 units) or from a population
imbalance in the context of the cold atomic Fermi gases
with µ = (µ↑ + µ↓)/2 and h = (µ↑ − µ↓)/2, where µσ
is the chemical potential of atoms with (pseudo) spin-σ.
3The second term can be decoupled using the mean-field
approximation,
nˆi↑nˆi↓ = ∆
∗
i cˆi↓cˆi↑ +∆icˆ
†
i↑cˆ
†
i↓ − |∆i|2, (2)
where ∆i = 〈cˆi↓cˆi↑〉 is defined as the superconducting or-
der parameter (SOP). Then, the mean-field Hamiltonian
in real space takes the form
HˆMF =
∑
〈i,j〉σ
(−t− (µ+ σh)δij) cˆ†iσ cˆjσ (3)
+ U
∑
i
(∆∗i cˆi↓cˆi↑ +H.c.)− U
∑
i
|∆i|2.
Without loss of generality, we can write down the SOP as:
∆i = ∆0 exp(iQ·Ri), where ∆0 is the spatially oscillating
amplitude, while Q is the total momentum of the Cooper
pair.
Transforming the Hamiltonian (1) to the reciprocal
space, one obtains
HˆMF =
∑
kσ
Ekσ cˆ
†
kσ cˆkσ (4)
+ U
∑
k
(∆∗0cˆ−k+Q↓cˆk↑ +H.c.)− UN |∆0|2.
In the one-dimensional lattice case, the dispersion rela-
tion is given by: Ekσ = −2t cos(kx)−(µ+ σh). Using the
Nambu notation, the Hamiltonian (4) can be rewritten
in a matrix form, HˆMF =∑k Φˆ†kHkΦˆk, with
Hk =
(
Ek↑ U∆0
U∆∗0 −E−k+Q↓
)
, (5)
where Φˆ†k = (cˆ
†
k↑, cˆ−k+Q↓) are the Nambu spinors. Then,
the eigenvalues λk± of HˆMF are given by
λk± = η
−
k ± ϑk, (6)
η±k =
Ek↑ ± E−k+Q↓
2
, ϑk =
√(
η+k
)2
+ U2|∆0|2.
The grand canonical potential defined by Ω ≡
−kBT ln{Tr[exp(−HˆMF /kBT )]} can be written as
Ω = −kBT
∑
k,α∈±
ln
(
1 + exp
(−λkα
kBT
))
(7)
+
∑
k
(
Ek↓ − U |∆0|2
)
,
while the particle number equation takes the form
n ≡ −1
N
∂Ω
∂µ
= 1 +
1
N
∑
k
η+k
ϑk
(f(λk,+)− f(λk,−)) . (8)
The ground state is found by a minimization of Ω with
respect to the SOP amplitude ∆0 and momentum Q,
for fixed µ and h, at a temperature T/t = 10−5 (effec-
tively T = 0, non-zero value taken for numerical reasons).
As mentioned above, the systems in which the FFLO
phase can be realized are characterized by discontinuous
phase transitions, which are associated with discontinous
changes of ∆0 and/or Q. As a consequence, the energy
gap equation for a given phase, equivalent to one of the
conditions of the energy minimization dΩ/d∆0 = 0, at
fixed Q, cannot be used for the phase boundaries esti-
mation. In this case, the procedure of the minimization
of Ω with respect to the SOP amplitude and all possible
momenta Q realized in the system is essential. Because
of the unequivocal relation of the real space and recip-
rocal space (via the Fourier transform), the number of
possible Q vectors in the lattice is equal to the num-
ber of lattice sites (given by N). It is worth to mention
that Q as well as ∆0 change discontinuously [30] going
from the BCS to the FFLO phase. To find the minimum
of the energy of the system, one minimizes Ω(∆0) func-
tions for N different Q vectors. For simplicity, without
loss of generality, numerical calculations have been per-
formed in the lattice with N = 200 sites and periodic
boundary conditions, which makes the finite-size effects
negligible [71]. To speed up the calculations, graphical
cards have been used. We have proceeded according to
the numerical procedure described in Ref. [31].
III. NUMERICAL RESULTS AND DISCUSSION
In this section, we focus on the analysis of supercon-
ducting properties of ultracold atomic mixtures assuming
a one-dimensional lattice geometry. Within the mean-
field (BCS-Stoner) approach, we construct the phase di-
agrams in two ways: by fixing the chemical potential (µ)
or the particle concentration (n), and show the relevant
differences resulting from these possibilities. The ground-
state phase diagrams are obtained for a wide range of
attractive interactions, i.e. for a weak and intermedi-
ate coupling (III A) and for the local pairs limit (BEC)
(III B) by using the mean field approximation. Notice
that in general case this approximation overestimates
critical temperatures and can give an incorrect descrip-
tion of the long-range order phases. However, it gives a
relatively good description of the system in the ground
state (at T = 0), even in the strong coupling limit [6].
A. Superconducting properties of the AHM in the
presence of a Zeeman magnetic field: Weak and
intermediate coupling
In this subsection, we consider the ground state phase
diagrams in the weak and intermediate couplings. In the
following, we set t = 1.
In the weak coupling regime and in absence of an exter-
nal Zeeman field, the usual superconducting BCS-type s-
wave state is stable (Fig. 1). As the magnetic field rises,
superfluidity gets destroyed, at weak and intermediate
couplings, due to paramagnetic effects or by population
imbalance. Hence, the unpolarized BCS-like supercon-
ducting phase undergoes a first order phase transition to
4FIG. 1. (Color online) h − µ ground state phase diagram
for several values of the pairing interaction U . Labels are
as follows: NO – normal phase, BCS – non-polarized super-
conducting state with Q = 0, FFLO – polarized supercon-
ducting phase with Q 6= 0. Additionally, within the FFLO
phase, above the dashed red line there is a region where the η
phase is distinguished. The solid blue lines indicate first order
phase transitions between different states. The white region
indicates the empty state (or fully-filled state, depending on
the sign of the chemical potential).
the polarized normal state or to the FFLO phase. Ris-
ing higher the field and close to half-filling, the polarized
FFLO-η-pairing superconducting phase also undergoes a
first order phase transition to the normal state.
These two first order phase transition lines were de-
termined from the conditions: ΩBCS = ΩFFLO, ΩBCS =
ΩNO, ΩFFLO = ΩNO, where ΩBCS, ΩFFLO and ΩNO de-
note the grand canonical potential of the BCS (∆0 6= 0,
Q = 0, P = 0), FFLO (∆0 6= 0, Q 6= 0, P 6= 0) and
the normal (∆0 = 0, P 6= 0) state, respectively, where
P = (n↑ − n↓)/(n↑ + n↓) is the polarization. Then,
these results have been mapped onto the case of fixed
n (Fig. 2). Moreover, there is a special case of the FFLO
FIG. 2. (Color online) h− n ground state phase diagram for
several values of the pairing interaction U . Labels are as fol-
lows: NO – normal phase, BCS and FFLO – superconducting
states with Q = 0 and Q 6= 0, respectively, PS1 – phase sep-
aration region between BCS and FFLO or between BCS and
NO states (details in the text), PS2 – phase separation region
between BCS and NO phases, PS3 – phase separation region
between FFLO (η-pairing) and NO states. Within the FFLO
phase the η state exists above the dashed red line.
phase, for which the Cooper pair momentum takes the
value of the momentum on the FBZ vertex (|Q| = pi).
This case is called η-pairing and is found in the phase di-
agrams as well. It is worth to mention that we take into
account in our analysis the Sarma phase, which is char-
acterized by the spatially homogeneous order parameter,
in the presence of non-zero polarization (i.e., ∆0 6= 0,
Q = 0, P 6= 0). However, these solutions are unstable
for the whole region of parameters.
h vs. µ phase diagram. Fig. 1 shows the h− µ phase
diagrams at T = 0. These diagrams are symmetric with
respect to the sign change of µ or h due to the particle-
hole symmetry. For the sake of clarity, we only show
the range of µ from 0 to 3 and h ≥ 0. In this case (see
5Fig. 1), we find two types of superconducting phases:
BCS and FFLO type. Note that inside the latter, above
some magnetic field value identified by a red dashed line,
we find the η-FFLO phase. The stability range of the
BCS state as well as the η-pairing depends on the value
of the attractive interaction – both phases widen when
increasing the attraction and the FFLO phase shrinks.
Notice that obtained phase diagrams (Fig. 1) are in a
qualitative agreement with the previous DMRG calcula-
tion performed for trapped spin-imbalanced Fermi gas,
where partially polarized state (i.e. the FFLO state in
the present paper) exists in a large range of the model
parameters [62].
Phase transitions. We find that the phase transition
from the BCS phase to the FFLO or NO state is always of
the first order (associated with a discontinuous change of
the order parameters). At relatively high magnetic field
and around half-filling (µ ≃ 0), we also obtain a first or-
der phase transition from the η-FFLO phase to the NO
state, (blue solid lines in Fig. 1), whereas the transition
for larger µ changes its nature into second order. On
the other hand, the transitions from the FFLO phase to
the NO state as well as between the BCS phase and the
empty (full-filled) state are second order ones (connected
with a continuous change of the order parameters). It is
important to emphasize that the first order phase tran-
sitions are reflected by the existence of the phase separa-
tion (PS) regions in the h−n phase diagrams. The BCS
boundary shows strong non-linearities, especially around
the BCS-BEC crossover point (for |µ| ≃ 2), while the
boundary between the FFLO phase and the NO state
changes in an approximately linear way with µ.
Generally, the order of the phase transition between
the FFLO and BCS phases is still under debate [72–78].
For 1D systems the studies of that problem within the
framework of the Ginzburg-Landau theory show that e.g.
disorder can change the type of the phase transition [79].
A combination of the renormalization group and mean-
field approximation for Fermi gases with attractive inter-
action gives second-order phase transition between uni-
form (BCS) and nonuniform (FFLO) superconducting
states [80]. Moreover, studies of two-component Fermi
atomic gases in a magnetic trap using the exact ther-
modynamic Bethe ansatz solution in continuum model
show that the all of the phase transitions are continu-
ous [49–51]. In such systems there has been shown that
the phase separation in a real space can occur which can
be source of other types of the phase transitions. The
effective Ginsburg-Landau theory studies for quasi-2D d-
wave superconductors by renormalization group analysis
indicate that the transition form the FFLO to normal
state is generically first order, even when the mean-field
theory suggests a continuous transition [73].
h vs. n phase diagram and phase separations. As
mentioned above, there are relevant differences between
the phase diagrams obtained for fixed chemical potential
and fixed particle concentration. Fig. 2 shows the depen-
dence of the critical magnetic fields on the filling, for sev-
eral attraction values. Here, due to the particle-hole sym-
metry, we only show the range of |n− 1| from 0 to 1. In
contrast to the fixed chemical potential case, if the num-
ber of particles is fixed and n 6= 1, the phase separated
states are present on the diagrams. The occurrence of the
phase separated states for fixed concentration (so-called
macroscopic phase separation) is associated with the first
order phase transitions occurring for fixed µ [8, 81]. Due
to the fact that the transition for fixed µ between the
FFLO and BCS phases, the BCS and NO phases, and
the η-FFLO and NO phases (in some ranges of the model
parameters) are discontinuous, the corresponding phase
separated states are present on the diagrams as a func-
tion of n. One can distinguish three different phase sep-
aration regions in the h − |n− 1| phase diagram: PS1 –
the region of phase separation between BCS and FFLO
phases as well as between the BCS and NO phases (for
h above and below, respectively, the points indicated by
the arrow in Fig. 2), PS2 – between the BCS and NO
phases, and PS3 – between the η-FFLO-pairing and NO
states.
The phase diagrams in Fig. 2 show that the FFLO
phase can be realized at relatively large doping. Simi-
larly as in the case of the h-µ phase diagram, the phase
boundaries show strong non-linearities in the BCS-BEC
regime (small density of particles). The blue dashed ver-
tical line indicates the critical value of n above which,
according to the Leggett criterion, there is the BCS-BEC
crossover at the large spin-imbalance or Zeeman fields.
Role of the pairing U interaction. The increasing of
the pairing interaction U leads to the stabilization of
some critical behaviours (Fig. 3). As it is known, in the
strong coupling limit of AHM (h = 0), the tightly bound
local pairs of fermions behave as hard-core bosons and
can exhibit a superfluid state similar to that of 4He II
[6]. According to the Leggett criterion, the Bose regime
begins when the chemical potential µ drops below the
lower band edge. In the case of a one-dimensional sys-
tem, the band edges are at ±µ/t = 2. Fig. 3(a) shows
the µ vs. U phase diagram, at T = 0 and h = 0. As
one can notice, in the case of the strong coupling (larger
FIG. 3. (Color online) The influence of the pairing U interac-
tion on the BCS-BEC region for h = 0 (a) and the magnetic
Lifshitz transition region for µ = 0 (b); color-coded – ∆0 –
the amplitude of the order parameter.
6values of U), the superconducting phase exists above the
band boundary (white dashed line). Above this line, one
can speak about non-BCS behaviour.
We observe similar critical behaviour with an increas-
ing Zeeman magnetic field (Fig. 3(b)). Namely, at the
critical point, U = 0 and h/t = 2, the magnetic Lifshitz
transition (MLT) [82] takes place. As has been men-
tioned above, at a non-zero Zeeman magnetic field, the
population imbalance introduces a mismatch between the
Fermi surfaces. Hence, effectively there are two Fermi
surfaces in the system, one for the majority spin compo-
nent and one for the minority spin component. However,
above h/t = 2 (the value of the band edge), one of the
Fermi surfaces disappears. Therefore, one can observe a
change in the FS topology. Strikingly, the superconduct-
ing phase can still survive above MLT and the increasing
of U stabilizes the η phase (Fig. 3(b)). The boundary
between the FFLO and η phase is moved towards lower
values of the magnetic field, which is clearly visible in the
h− µ as well as h− |n− 1| phase diagrams.
B. BCS-BEC crossover and magnetic Lifshitz
transition
In this subsection, we present results concerning the
BCS-BEC crossover as well as the magnetic Lifshitz tran-
sition. Both possibilities can be simply shown by means
of µ↑ vs. µ↓ phase diagrams (Fig. 4), where µσ = µ+ σh
is the effective chemical potential.
First, let us discuss the schematic phase diagram in
Fig. 4(a). In the weak coupling limit, for |µσ|/t ≤ 2
(the inside of the dashed black square), we have the BCS
phase or FFLO, depending on the population imbalance.
If µ↑ ≃ µ↓ (i), there is the unpolarized BCS phase, oth-
erwise (for µ↑ 6= µ↓ (ii)) the FFLO state is stable. In
Fig. 4(a), dashed blue lines indicate the schematic bound-
aries between the BCS phase and the FFLO state. In
Fig. 4(b)-(d), these boundaries are obtained from the
minimization of the grand canonical potential with re-
spect to the amplitude of the order prameter ∆0 and the
vector Q.
With increasing U , when the effective chemical po-
tentials drop below the lower band edge, there is the
crossover to the tightly bound local pairs region (BEC
– the blue shaded area in Fig. 4(a)). It takes place in the
region of parameters for which µ↑ ≃ µ↓, i.e. the polariza-
tion P of the system is low. However, it is worth to em-
phasize that the BCS-BEC crossover takes place both for
a low particle concentration (µ = (µ↑+µ↓)/2 < −2t) and
for a low concentration of holes (µ = (µ↑ + µ↓)/2 > 2t).
This behaviour is clearly visible in Figs. 4(b)-(d) in which
the orange area significantly exceeds the black dashed
square. Therefore, one can speak of the crossover to the
tightly bound local pairs.
In the weak coupling region, in the presence of a Zee-
man magnetic field, there are two FS’s in the system.
If the system is strongly-polarized, i.e. µ↑ + µ↓ ∼ 0,
the magnetic Lifshitz transition can take place. In this
case, one of the spin bands is fully-filled or empty. How-
ever, the increase of the attractive interaction leads to
the stabilization of the superconducting state, although
there is only one FS in the system (see: Fig. 5). There is
the pairing between the particles with opposite spins but
the total momentum of pairs (Q) takes the maximum al-
lowed value of momentum in the system (i.e. the vertex
of FBZ), in the presence of high polarization.
The phase diagrams for different values of pairing in-
teraction U are shown in panels b-d of Fig. 4. As is
clearly visible, in the weak coupling limit (|U/t| → 0),
the BCS phase (µ↑ ≃ µ↓) as well as the FFLO state
(µ↑ 6= µ↓) are stable. However, the increasing U widens
the range of occurrence of the BEC and MLT regions,
which is clearly visible in panel d. In the strong cou-
pling limit, the chemical potential drops below the band
edge, the Fermi surfaces disappear and the FFLO phase
is unstable. In this regime, only the unpolarized super-
conducting state is realized.
FIG. 4. (Color online) Ground state effective chemical po-
tentials µ↑ = µ + h vs. µ↓ = µ − h phase diagram. (a) A
schematic diagram. The dashed black square indicates the
band edges. The inside of the square shows possible regions
of the BCS, FFLO, BEC state. The red region – magnetic
Lifshitz transition (MLT) occurrence, the blue region – the
BCS-BEC crossover region. The dashed blue lines show the
schematic boundaries of the BCS and FFLO phases occur-
rence. (b)–(d) Results for different values of the paring inter-
action U .
7FIG. 5. (Color online) A schematic illustration of the (quasi-
)particle band structure above the magnetic Lifshitz tran-
sition. The solid (dashed) lines indicate the quasi-particle
(particle) bands in the superconducting (normal) state. At
relatively high magnetic field and interaction, the eta-pairing
can be realized (which is the superconducting state with to-
tal momentum of the Cooper pairs equal M point of the first
Brillouin zone). In this case, the magnetic field causes a split-
ting of bands with opposite spins and hence, one of the bands
can be fully filled (empty), whereas the top/bottom of the
other band crosses the Fermi level. However, the existence
of a strong pairing interaction (and the energy gap) leads to
pairing and modifies the quasi-particle spectrum in a similar
manner to the one in the BCS-BEC crossover regime [83–85],
at Q > 0.
IV. SUMMARY
We studied the superconducting properties of the spin-
imbalanced attractive Hubbard model in the context of
experiments with ultracold atomic Fermi mixtures with
population imbalance in one-dimensional optical lattices.
The ground-state phase diagrams were obtained for the
cases of a fixed chemical potential and a fixed density
(lattice filling) by using the mean-field approach for the
1D system. We found that the FFLO phase is stabilized
for a wide range of atomic densities due to a Fermi sur-
face nesting, which is enhanced in 1D. Superconductivity
is destroyed by the pair breaking in a very weak coupling
regime. If the number of particles is fixed and n 6= 1, one
can obtain two critical Zeeman magnetic fields (popula-
tion imbalance), which limit the phase separation of the
superconducting and the normal states.
At relatively high values of a Zeeman magnetic field,
there is a region of the η-pairing (within the FFLO
phase). With an increasing attractive interaction, the
η-pairing is stabilized with respect to the FFLO state.
Moreover, the η phase can be stable even above the mag-
netic Lifshitz transition (Fig. 5). A consequence of this
transition is a change of the Fermi surface topology due
to the variation of the Fermi energy and/or the band
structure. Our finding of a MLT in the spin-imbalanced
AHM in one-dimensional lattice and determination the
stability of η-pairing is reported for the first time in the
literature.
Hence, at T = 0, in the weak coupling regime and for
fixed n, the following states have been found in the 1D
system: at h ≥ 0 – the BCS state; for higher values of
magnetic fields (h 6= 0) – the FFLO phase; at relatively
high h 6= 0 – the η-pairing; three different PS regions and
NO. PS terminates at tricritical points.
We have also investigated the ground state BCS-BEC
crossover diagrams for AHM in the presence of a Zeeman
magnetic field. We have observed that the FFLO phase
is suppressed with increasing attraction, the η-pairing is
favoured as well as only the BCS-like phase in the strong
coupling limit.
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